We compute correlation functions in N = 2 non critical superstrings on the sphere. Our calculations are restrained to the (s = 0) bulk amplitudes. We show that the four point function factorizes as a consequence of the non-critical kinematics, but differently from the N = 0, 1 cases no extra discrete state appears in thê c → 1 − limit.
Critical N=2 strings have been recently considered by several authors 1,2,3 . Ooguri and Vafa 1 computed explicitly scattering amplitudes as, e.g., the four point function of the vertex operator
where X, X, are the complex matter superfields and the on shell condition is given by k · k = k 1 k 1 − k 2 k 2 = 0 . As it turns out, the four point function vanishes for the critical N = 2 superstring theory 1 . It seems to be true that the higher functions do also vanish in the critical theory. This result has been obtained as a consequence of the kinematics in 2+2 dimensional space-time. As a matter of fact, this vanishing was already expected, as argued by Ooguri and Vafa. Indeed, N = 2 superstrings are extremely simple string theories. Other string theories present an infinite tower of particles, which should appear as bound states in the critical string scattering amplitudes, as is the case of the Veneziano amplitude. However, in the N = 2 string, there is only a massless, scalar particle; the only way of obtaining consistency with the Veneziano amplitude and to avoid the infinite tower of states seems to be through the vanishing of the amplitude. This is actually what happens. There are several implications coming out of this vanishing of higher point functions as discussed in [1] .
Nevertheless, even critical N = 2 strings are worthwhile studying. In fact, N = 2 theories are important objects in the study of integrable theories, and string vacua 4, 5 . Moreover, there seems to be a strong relation between self duality in four dimensions and integrability 6 , a fact that has extrapolated the barrier of dimensionality 7 . Finally, we should mention that there is a deep relation between integrable models and deformations of conformally invariant theories 8 , which although very interesting will not concern us in the present work, but which might be important for N = 2 in order to understand the string vacuum.
Our present aim is to consider the non critical N = 2 string theory. This might be seen as a generalization of previous efforts to understand string theories away from criticality 9−18 . We will be actually concerned with a N = 2 matter supermultiplet withĉ ≤ 1 (c = 3ĉ) in a super Coulomb gas representation conformally coupled to a N = 2 superliouville theory. However, as we shall see, the present case contains a number of new technical difficulties, which in part is due to the absence of the so called "barrier" in the central charge. In fact, both critical points coalesce, and the critical and non critical theories display a unique amalgamation of their properties, enhancing the difficulties in obtaining closed results.
The appearance of Liouville theory as a byproduct of the integration over matter fields in a gravity background (as well as its supersymmetric extension) is by now a very established issue 19−21 . In the case of N = 2 complex super Liouville (S SL ) theory interacting with a gravitational field we consider the action
(1) The superfields X , Φ (X , Φ) are chiral (antichiral) and we have explicitly:
where (θ
The quantityŶ stands for the N = 2 supercurvature superfield andÊ for the superdeterminant of the superzweibein. After setting µ = 0 in S SL we have the following expression for the last component of the super energy momentum tensor (holomorphic part):
The first component of the super energy momentum tensor is given by the U (1) current 5 which generates the U (1) symmetry of N = 2 supersymmetric models. For the (holomorphic) part of this currents we have:
The propagators of the component fields can be read from the kinetic term of (1):
Following [22] we fix Q in (1) imposing the vanishing of the total central charge
Thus we have:
where we chose Q to be real; this corresponds to a choice of phases, as one readily verifies.
The constants α and α in eq. (1) can be fixed imposing that the operators e αΦ and e αΦ have dimension (1/2,1/2) (because of the double integration over the Grasmann variables):
Note that the operator e αΦ (e αΦ ) is chiral (antichiral) since it satisfies the chirality condition ∆ = +q (∆ = −q), where the U (1) charge q of a ϕ field is defined as usual from the short distance expansion
It is easy to check that the values of α and α in eq. (9) assure vanishing U (1) charge for the action S SL as required, with the basic assignments q(dθ
. Therefore the solution (9) is clearly a consistent one. After having fixed the action, we must specify the vertex operators to calculate correlation functions. For comparison with the critical 1 case we shall be concentrated in vertex operators which are the analogous of the tachyon vertex operators in the N = 0, 1 cases. However in the noncritical theories the operators must be dressed by gravity. In the N = 2 non-critical case the vertex operator reads:
Notice that we have used on shell expressions (with µ = 0) for the superfields X(X):
and analogously for Φ , Φ. In equation (11) the complex dressing β is fixed as a function of the complex momentum k by imposing that the vertex V (k, k) be a dimensionless operator and its U (1) charge vanishes. This amounts respectively to:
The first equation fixes the real part of the dressing β (up to a sign):
In this paper we assume the positive sign solution which is equivalent to positive energy particles. The equation (13) fixes the imaginary part of β.
It will be convenient later on to write the noncritical vertex in a form similar to the critical one 1 :
where the scalar product is defined by
Notice that the second component of the vector k is not the complex conjugate of the second component of the vector k in the non critical case
We are now ready to compute correlation functions
(16) * We use the same symbol for the two component vector and for its first component; there will be no room for confusion since the two component vector will only appear inside scalar products, denoted by a dot.
The first step is to integrate over the two zero modes x 1 0 , x 2 0 of the first component of the matter superfield (x = x 1 + ix 2 ). The result gives the conservation of the real and imaginary parts of the momenta k, both are encoded in the following formula:
The next step is the integration over the Liouville zero modes (16) we have a divergent result. It is not clear 23 how this divergence should be regularized. We opt for making a Wick rotation in the zero modes such that ϕ 0 and ϕ 0 become real. After integrating over ϕ 0 , ϕ 0 we have:
where s = − ( β i + Q). Although our regularization is rather ad'hoc we believe that our results for s = 0 = s bulk amplitudes are independent of this procedure. From now on we only consider s = s = 0 bulk amplitudes:
We start by looking at the n = 3 point function. After fixing the residual OSP (2, 2) symmetry choosing θ (±) 1 = θ (±) 3 = 0 and z 1 = ∞ , , z 2 = 1 , z 3 = 0 we have:
where
and (ln µ) 2 = finite part of lim s,s→0 µ s+s Γ(−s)Γ(−s) . In order to rewrite A 3 in a more sugestive form we need some kinematics. First of all it is easy to show (using (13) , (17) and (19) ) that
The vanishing of n j=1 c ij holds in the critical 1 case as a consequence of the momentum conservation and the on shell condition
It is remarkable that (22) holds also in the non critical case as a consequence of the zero U (1) current condition (13) . We assume * from now on that α 0 < 0 in this case we have from (13) and (14) β
Using all these kinematic relations we may write A 3 from (17) in the region ℜek 2 , ℜek 3 < α 0 , ℜek 1 > α 0 in a factorized form:
where ℑmk = (−i)
. The amplitude vanishes for any other kinematic region, where at least two momenta satisfy Rek > α 0 and are therefore "on shell" (k ·k = 0) in the critical sense. It should be stressed that the amplitude A 3 in the critical case = 0 and z 1 = ∞ , z 2 = 1 , z 3 = z , z 4 = 0 we have , after using (22) , basically the same expression as in the critical case:
where * * s = −2s 34 , t = −2s 23 and s ij = k i · k j + k i · k j . The hermitian conjugated part above corresponds to the previous term inside the brackets with z instead of * The calculations for α 0 > 0 are completely analogous.
* * Our definition of s and t correspond to twice of ref. [1] because their propagator correspond to half of ours (see (5)) z. Note that it is not really the hermitian conjugated expression since k i is not the complex conjugated of k i as we stressed before.
After performing the integrals in (26) using formulas of ref. [1] and making algebraic manipulations which are consequence of kinematic relations common to the critical and noncritical cases we have:
and ∆(x) = Γ(x)/Γ(1 − x). The expression (27) is essentially the same one derived in critical case, the difference now comes from the fact that after fixing the kinematic region ℜek 1 , ℜek 2 , ℜek 3 < α 0 , ℜek 4 > α 0 we have, after a long algebra, a very simple expression for F :
In the above kinematic region we also obtain s i4 = −(k i ·k i ), therefore we can finally write A 4 in a factorized form:
As in the case of the 3-point function (A 3 ), it can be shown that A 4 vanishes in any kinematic region where at least two momenta satisfy ℜek > α 0 . In the critical limitĉ → 1 (α 0 → 0) we have ∆(1 − k i k i ) ∼ α 0 thus,
If we absorb the factor 1/α 2 (= 4α 1 . It should be noticed, however, that the factor 1/α 2 (which comes from the double zero mode integrals) must be absent in A 3 (see (17)) if we want to obtain the critical result in the α 0 → 0 limit, otherwise we would have a vanishing 3-point coupling. Thus we can not obtain both A 3 and A 4 of the critical case in the α 0 → 0 limit (see conclusion).
Forĉ < 1 the interesting models are the minimal ones and in these cases it is easy to show that the functions ∆(1 − k i · k i ) have no poles (or zeroes) thus, they can be simply absorbed in the definition of the vertices V (k, k) exactly as in the 
Conclusions
We have calculated the three and four point (s = 0) bulk amplitude, in a noncritical N = 2 superstring consisting of a N = 2 matter supermultiplet with central chargeĉ ≤ 1 (c = 3ĉ) conformally coupled to an N = 2 super Liouville theory. We have shown that both amplitudes may be written ,in a certain kinematic region, in a factorized form. For other kinematic regions the amplitudes vanish. Moreover after a suitable renormalization of the measure of the path integral we recover the result for the three-point amplitude of the critical case 1 in the limit α 0 → 0 (ĉ → 1 − ). There is, however, an amazing difference with respect to the critical string when we look at the four-point amplitude in the same limit, namely, we get a divergent result (A 4 ∼ 1/α 0 ) rather than a vanishing one 1 . The difference with the critical case can be explained as follows, the prefactor F in (29), which vanishes identically in the critical case 1 , goes to zero in the critical limit (F ∼ α 0 ) but its vanishing is supressed by the poles of the functions ∆(−k i · k i ) (∆(−k i · k i ) ∼ 1/α 0 ) which usually correspond to intermediate states * , such poles cancel in the critical case but they show up in the non critical one as a direct consequence of the non analytic structure of the dispersion relation (14) which permited to fix completelly, in a certain kinematic region, the real part of the momenta of one of the scattered particles (in our case ℜek 4 = −α 0 ). This means that there may not exist a smooth limit from the non critical to the critical case. We should also mention that it is possible to redefine the vertices V (k, k) and the path integral measure by powers of α 0 such that the amplitudes become finite in the α 0 → 0 limit. In order to conclude the discussion about theĉ → 1 − limit we remark that whatever is the correct interpretation of A 4 we do not have extra discrete states as in the N = 0, 1 cases and this is expected since the spectrum of critical N = 2 string is finite.
Forĉ < 1 the effect of the functions ∆(−k i · k i ) is as mild as in the N = 0, 1 cases and the s = 0 amplitudes are basically given by the factor (ln µ)
2 . Several aspects of our results are still unclear and a more carefull analysis is needed, wich would imply the calculation of higher point amplitudes as well as s = 0 correlators, this is under progress.
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